Continuously pumped passive nonlinear cavities can be harnessed for the creation of novel optical frequency combs. While most research has focused on third-order "Kerr" nonlinear interactions, recent studies have shown that frequency comb formation can also occur via second-order nonlinear effects. Here, we report on the formation of quadratic combs in optical parametric oscillator (OPO) configurations. Specifically, we demonstrate that optical frequency combs can be generated in the parametric region around half of the pump frequency in a continuously-driven OPO. We also model the OPO dynamics through a single timedomain mean-field equation, identifying previously unknown dynamical regimes, induced by modulation instabilities, which lead to comb formation. Numerical simulation results are in good agreement with experimentally observed spectra. Moreover, the analysis of the coherence properties of the simulated spectra shows the existence of correlated and phase-locked combs. Our results reveal previously unnoticed dynamics of an apparently well assessed optical system, and can lead to a new class of frequency comb sources that may stimulate novel applications by enabling straightforward access to elusive spectral regions, such as the mid-infrared.
Optical frequency comb (OFC) generation in passive nonlinear cavities has attracted increasing interest over the last decade as an alternative way to the traditional techniques based on femtosecond mode-locked lasers [1, 2] . The vast majority of studies have focused on comb formation via third-order χ (3) nonlinear interactions [3] [4] [5] [6] . More recently, however, OFCs have also been demonstrated in continuously driven cavities with quadratic χ (2) nonlinearities [7] [8] [9] [10] . In particular, OFCs can be generated in a cavity with a χ (2) nonlinear crystal that is phase-matched for second harmonic generation (SHG) [9, 10] . When the SHG cavity is pumped beyond the threshold for the onset of a so-called internally pumped optical parametric oscillator (IP-OPO) [11] [12] [13] , other cascaded χ (2) processes occur, eventually leading to a comb emission around both the fundamental and second harmonic frequencies.
A particularly attractive feature of quadratic resonators is that they can permit the generation of frequency combs in spectral regions far from the pump frequency. For example, phase-matched SHG can allow for the generation of visible frequency combs using near-infrared pump lasers. On the other hand, numerical simulations [14] suggest that the inverse process of parametric downconversion could similarly allow for direct generation of frequency combs in the elusive mid-IR region. Conversely, as Kerr microresonators can only generate combs around the pump wavelength, the scarcity of mid-IR continuous-wave (cw) lasers and appropriate nonlinear crystals prevents that technology from being directly applied in the mid-IR region. Applications such as molecular spectroscopy [15, 16] would greatly benefit from a technology that allows for more straightforward and efficient generation of mid-IR frequency combs than existing solutions, based on the nonlinear transfer of near-IR OFCs in a separate stage [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
Although the prospect of generating frequency combs through direct intracavity parametric down-conversion is attractive, no experimental demonstration has been reported, so far. The possibility of generating several new frequency components in a singly resonant, nondegenerate OPO was theoretically predicted already in 1969 [28] . Well before the first clear demonstration of degenerate OPO emission [29] , several theoretical studies have been devoted to the description of cw pumped OPOs where both the pump and the degenerate parametric fields resonate [30, 31] , revealing a rich variety of dynamical regimes. However, these pioneering modelling efforts neglected both diffraction and dispersion. Models that include the effect of diffraction predict the formation of transverse spatial structures, such as roll patterns or solitons [32] [33] [34] [35] [36] [37] . The existence of stable pulsed states (solitons or temporal patterns) has meanwhile been predicted by including the effects of group velocity dispersion or spectral filtering in the model equations [38] [39] [40] [41] . Of course, the spectral counterpart of such temporal structures would constitute a frequency comb.
Here, we experimentally demonstrate generation of quadratic frequency combs in a cw pumped, degenerate, doubly resonant OPO. Significantly, we observe comb emission both around the pump angular frequency 2ω 0 and in the parametric spectral range around the degeneracy frequency ω 0 .
We also present a time domain theoretical model for the intracavity field dynamics that includes the effects of cavity dispersion, and we derive a single mean-field equation that governs the evolution of the slowly-varying field amplitude at the parametric frequency. We find that the inclusion of dispersion induces a modulation instability of both the constant solutions predicted by the usual, dispersionless OPO model [42] , and can be responsible for the formation of comb spectral structures.
To model comb dynamics in our OPO system, we consider an optical parametric oscillator pumped by the field B in at 2ω 0 , which operates near degeneracy, so that signal and idler fields can be described by a single field envelope A. We assume that the cavity of length L is filled with the nonlinear medium, and is resonant only for parametric waves, while the cw pump beam B in leaves the cavity after each round-trip. We also assume that the wave vectors k 1 and k 2 at ω 0 and 2ω 0 , respectively, satisfy the degenerate phase matching condition ∆k = 2k 1 − k 2 = 0. OPO dynamics can be described by an infinite dimensional map for the field amplitudes. The map consists of coupled propagation equations that describe the evolution of the field amplitudes at ω 0 and 2ω 0 over one cavity round-trip, as well as boundary equations that describe the input/output relations for the fields at the beginning of each round-trip. Following the approach of Ref. [1] , the infinite dimensional map can be combined into a single mean-field equation for the parametric field
Here, t is a "slow time" variable that describes the envelope's evolution over successive round-trips, while the "fast-time" τ describes the temporal profiles of the fields in a reference frame moving with the group velocity of light at ω 0 , α 1 are the total cavity linear losses, δ 1
the phase detuning between the parametric field and the closest cavity resonance with frequency ω c , t R is the round-trip time,
where κ is the nonlinear coupling constant, and ξ = ∆kL/2 is the wave vector mismatch parameter. The symbol ⊗ denotes the convolution operator and
In the last expressions, the spectral frequency Ω is the offset angular frequency with respect to ω 0 , ∆k = dk/dω| 2ω 0 − dk/dω| ω 0 is the group-velocity mismatch, or temporal walk-off, between the fields at ω 0 and 2ω 0 , α c2 are the propagation losses at 2ω 0 , and k 2 = d 2 k/dω 2 | 2ω 0 is the group velocity dispersion coefficient at 2ω 0 .
Equation (1) is a generalization of the dissipative nonlinear Schrödinger equation, with a parametric driving term [39, 40] and a non-instantaneous interaction term [45] [46] [47] . The function I(τ )
is the same nonlinear response kernel which describes singly resonant cavity SHG [1, 3] : physically, it is related to the nonlinear losses and phase shifts due to cascaded sum frequency generation process. Equation (1) In contrast, the instability of the zero solution, which is not expected in the usual dispersionless analysis of the doubly resonant OPO, does not depend on the walk-off, but is rather induced by group-velocity dispersion. A similar dynamic instability arises in the spatial case, when diffraction is considered [32] .
Our experiment is based on a degenerate OPO pumped by a frequency doubled cw Nd:YAG laser [see Fig. 2(a) ]. The OPO is based on a temperature-stabilized, 15-mm-long, periodically-poled 5%-MgO-doped lithium niobate crystal (PPLN), with a grating period Λ = 6.92 µm, enclosed in a bow-tie cavity resonating for the parametric wavelengths around 1064 nm (further details are given in Supplemental Material, Sec. 3 [44] ). The cavity has a free spectral range (FSR) of 505 ± 1 MHz, and a finesse of 180, the linear propagation losses at ω 0 being less than 1% over one round-trip. To make sure that the OPO cavity is resonant at the degeneracy frequency ω 0 , the cavity is frequency locked by the Pound-Drever-Hall (PDH) technique [52] , using the phase modulated IR laser light reflected by a beam splitter, which is injected in the OPO cavity in a direction opposite to the SH pump beam. The PDH error signal is processed by an electronic servo control and fed to the cavity piezoelectric actuator that moves one of the cavity mirrors. The laser, emitting 2 W at 1064 nm (Innolight, Mephisto 2000), is frequency doubled in a periodically poled lithium tantalate (PPLT) crystal placed in an external SHG cavity [53] . We determined the phase-matching temperature for degenerate operation of the OPO to be T = (61.0 ± 0.1) • C by maximizing the efficiency of the SHG when pumped directly with the Nd:YAG laser.
The spectral composition of the parametric waves is analyzed by an optical spectrum analyzer (OSA), while two fast photodiodes monitor the light coupled out of the cavity in the respective optical ranges around ω 0 and 2ω 0 . We note that, because of its limited spectral range (600-1700 nm), our OSA is not capable of detecting the comb around the SH frequency. Rather, evidence of SH comb is inferred from the radio-frequency (RF) spectrum of the photodiode signal.
The typical power threshold for the onset of degenerate single-frequency OPO emission is around 30 mW. By further increasing the pump power to about 85 mW, we observe the generation of a stable optical frequency comb. Figure 2(b) shows the spectra detected by pumping the OPO with P in = 300 mW of green light, corresponding to an integrated IR power of 120 mW for the signal field at the cavity output. In this case, we detected narrow 1-kHz-resolution-limited beat notes at 1 FSR in the IR and visible, as shown in Fig. 2(d) and (e), respectively. This indicates a comb structure with lines equally spaced by one cavity FSR (at least, within the 1 kHz instrumental resolution) both around the pump frequency 2ω 0 and the parametric frequency ω 0 . When P in = 520 mW, the IR comb emission changes to a few teeth around the degeneracy point, with a spacing of about 500 GHz, as shown in Fig. 2(c) . In this case, the absence of beat notes within the bandwidth of the fast detectors suggests that the spectral peaks are indeed isolated single lines. As the pump power further increases, the stability of the OPO cavity locking deteriorates, and the error signal starts to oscillate erratically, thus precluding the observation of stable comb emission.
We also experimentally studied the effect of cavity detuning on the comb spectra. To this end, we added a voltage offset to the error signal used for cavity locking, which allowed us to explore relative phase detunings ∆ between −0.3 and 0.3. Figure 3(a)-(c) shows the experimental comb spectra recorded for ∆ = −0.30, 0.00, +0.30 (±0.02), respectively, for 300 mW of pump power.
Corresponding spectra obtained from numerical simulations are shown in Fig. 3(d)-(f) . Experimental spectra for negative and zero detunings are very similar, displaying a 1 FSR line spacing, while, for the positive detuning, the experimental spectrum consists of two pairs of symmetric lines, very similar to that observed in Fig. 2(c) . We found a good agreement with the corresponding spectra, shown in Fig. 3(d)-(f) , calculated by numerically integrating Eq. (1) over the slow time t (Supplemental Material, Sec. 1 [44] ). All the simulation parameters are listed in the caption of Fig. 1 . Numerical simulations show that the spectrum of Fig. 2(c) is a still possible solution of the model of Eq. (1), but for a different set of parameters. We believe, however, that the discrepancy can hardly be ascribed to imprecise knowledge of the parameters alone. Rather, we speculate that additional effects, such as thermo-optical nonlinearities, might underlie the observed discordance, as well as the instability of the cavity locking at high pump power.
To give a more comprehensive picture of the comb dynamics, we simulated the evolution of the comb spectrum as function of ∆ over a wider range of values than those accessible in our experiments. In this case, we swept the detuning from negative to positive values over 10 7 roundtrips. As shown in Fig. 3(g) , for negative and small positive detunings, we observe comb spectra with 1-FSR-spaced lines. Around ∆ = 0.3 the spectra show a sharp transition to a different power distribution, but still with a 1 FSR mode spacing, which, as the detuning further increases (∆ 1), evolves into small 1-FSR-spaced lines groups, which are widely-spaced from the degeneracy frequency. In general, the spectral dynamics is in good agreement with the expected MI gain.
Finally, we notice that, while dispersion is essential for comb formation, it also entails a frequency dependent cavity FSR, which eventually sets a limit on the spectral bandwidth of the resulting combs, as we numerically checked (Supplemental Material, Fig. S2 [44] ).
Numerical simulations also provide insights into the time-domain emission profile, which cannot be experimentally accessed due to the insufficient bandwidth of our photodetectors. Simulations of quadratic combs in cavity SHG have shown stable steady state solutions with repeatable and regular temporal patterns, such as Turing patterns or solitary waves, which exhibit phase locking [1] [2] [3] 55] . Interestingly, simulations of our OPO show that, in general, the intracavity temporal profiles do not correspond to regular patterns, and that their precise form depends sensitively on the random seed used as initial condition. Nevertheless, even though the temporal profiles do not correspond to clean pulse trains, the frequency combs can still exhibit a high degree of coherence for a wide range of pump powers and detunings. Figure 4 (a) shows the time evolution of the parametric field envelope over the first 10 000 round-trips (∼ 1 µs). The field profile rapidly evolves to a steady state, slowly drifting in the frame of reference that moves at the group velocity of the light at ω 0 . As in SHG combs [1] [2] [3] , the relative drift of the temporal pattern, much slower than the walk-off ∆k , indicates a nonlinear compensation of the walk-off induced linear spectral phase, which can lead, in principle, to group-velocity-locked fundamental and parametric waves.
To quantify the coherence of this state, we calculated the first-degree correlation function [56] g (1) (m, λ) = | Ẽ * (t j , λ)Ẽ(t j+m , λ) |/ |Ẽ(t j , λ)| 2 , whereẼ(t j , λ) is the Fourier transform of the complex intracavity field, calculated at multiples of the round-trip time t j = jt R , with j an integer number. Angle brackets denote an ensemble average. As shown in Fig. 4(b) , after reaching steady state, we obtained an almost perfect correlation g (1) (m, λ) = 1, over a 100 µs time scale (m 10 6 ), for all the comb teeth that emerge from the noise floor. For each comb mode n, we calculated the phase ϕ n , as a function of the round-trip time. Figure 4 (c) shows the evolution of the relative phase φ n = ϕ n − ϕ 0 for two symmetric modes, n = ±18. We notice that, on the time scale of several tens of thousands of t R , each phase settles to a steady value, which randomly depends on the initial seeding noise [open circles, Fig. 4(d) ]. Nevertheless, the average phase of pairs of symmetric modes, e.g. (φ 18 + φ −18 )/2, settles to a steady value on a shorter time scale (a few times the cavity photon lifetime), and exhibits a regular and reproducible trend, when we repeat the same simulation with a different seeding random noise, as shown by the seemingly smooth distribution of red dots in Fig. 4(d) . The rapid anti-symmetrization of the phase profile around the degeneracy frequency is essentially related to the intrinsic symmetry of the process that initiates the comb (modulation instability, in our case), and can eventually lead to comb mode phase locking [57] . It is noteworthy that an indirect experimental evidence of this intermodal phase coherence is provided by the narrow resolution-limited beat notes shown in Fig. 2(d) and (e).
In conclusion, we have experimentally demonstrated frequency comb generation in a cw pumped degenerate OPO, and theoretically derived a mean-field equation, which rather well describes the observed dynamic regimes. Our findings disclose new aspects of OPO dynamics, never observed till now, and open an entirely new scenario in the field of nonlinear optics. In fact, our theoretical framework can be extended to other OPO configurations, such as non-degenerate and triply resonant OPOs. In view of the increasing number of applications of OFCs in many fields of Physics, our work paves the route to a new class of devices, which could efficiently provide OFCs in spectral regions, like the MIR, where comb sources are highly desirable but still difficult to get. Exploiting the described comb generation scheme, a larger comb bandwidth can be enabled by tailoring the dispersion in chip-scale waveguide resonators that exhibit large intrinsic or induced second-order nonlinearity, through efficient quasi-phase matching schemes [58, 59] . 
Mean field equation of a doubly resonant degenerate OPO
Field dynamics of our OPO system can be described by an infinite dimensional map for the field amplitudes [1, 2] . First, propagation of the cavity fields over the mth round trip is governed by the amplitude evolution equations for the fields A m (z, τ ), at ω 0 , and B m (z, τ ), at 2ω 0 :
where z ∈ [0, L] is the position along the cavity round-trip path; α c1,2 are propagation losses (hereafter, subscripts 1 and 2 denote fields at ω 0 and 2ω 0 , respectively); k 1,2 = d 2 k/dω 2 | ω 0 ,2ω 0 are the group velocity dispersion coefficients; ∆k = dk/dω| 2ω 0 − dk/dω| ω 0 is the corresponding groupvelocity mismatch, or temporal walk-off; ∆k = 2k(ω 0 ) − k(2ω 0 ) is the wave vector mismatch at the degeneracy. The nonlinear coupling constant κ = √ 8ω 0 χ
eff / c 3 n 2 1 n 2 0 is normalized such that |A| 2 , |B| 2 , and |B in | 2 are measured in watts, where χ (2) eff is the effective second-order susceptibility, c is the speed of light, n 1,2 are the refractive indices, and 0 is the vacuum permittivity. The "fast-time" variable τ describes the temporal profiles of the fields in a reference frame moving with the group velocity of light at ω 0 . Second, the fields at the beginning of the (m + 1)th round trip are related to the fields at the end of the mth one,
where θ 1 is the power transmission of the coupling mirror at frequency ω 0 ; δ 1 (ω 0 − ω c )t R is the round-trip phase detuning.
Following the approach described in Refs. [1, 3] , we first solve Eq. (2) in Fourier space: 
We neglect SH linear losses (i.e., 
which can be written as a set of two equations for the real and imaginary parts,
with solutions
The physically meaningful solution, for which |A 0 | 2 > 0, is with the higher sign, provided that 
Modulation instability analysis
Let us analyze the stability of the constant solution against the growth of new frequency components through modulation instability (MI). To this purpose, we introduce in Eq. (1) of the main text the ansatz A(t, τ ) = A 0 + a 1 e iΩτ + a 2 e −iΩτ , retaining terms up to the first order in the perturbations a 1 and a 2 . Projecting onto each frequency component we get the linearized differential equations for the three field amplitudes:
where D 2 = Lk 1 /2. Eq. (11b) and (11c) can be written in matrix form,
where the elements of the matrix M are the last equality being derived from Eq. (7) (this equality does not hold for the trivial zero solution).
The eigenvalues of the matrix M are
where |A 0 | depends on B in through Eqs. Analogously, the trivial zero solution exhibits MI gain for positive real part of the eigenvalues
MI gain for the constant finite and zero solutions is displayed in Fig. 1 of the main text. Figure 1 shows the MI gain for the nontrivial solution as a function of the offset frequency and of temporal walk-off, for δ 1 = 0.01, (∆ 0.5).
Experimental setup
The OPO cavity consists of four mirrors in a bow-tie configuration. The periodically-poled 5%-MgO-doped lithium niobate crystal is located between two high-reflectivity (HR) (R > 99.9%) spherical mirrors (radius of curvature, 100 mm). A flat HR mirror is mounted on a piezoelectric actuator (PZT) for cavity length control. A fourth, partially reflective flat mirror (R= 98%) allows to couple out the generated parametric radiation. The crystal temperature is actively stabilized, within 1 mK, by a Peltier element driven by an electronic servo control. All the mirrors have an anti-reflective coating for the SH green light.
The spectral composition of the parametric waves is analyzed by an optical spectrum analyzer with a detection range from 600 to 1700 nm and a resolution bandwidth RBW = 6 GHz. A few mW of the parametric beam is also sent to a fast p-i-n InGaAs photodiode (response bandwidth 2 GHz), whose ac signal is processed by a radio frequency (RF) spectrum analyzer. Similarly, the SH light leaving the OPO cavity is analyzed by a fast Si photodiode (response bandwidth 2 GHz) and a second RF spectrum analyzer. In their respective optical ranges, the two photodiode RF spectra provide evidence of comb line spacing on the scale of a few FSR with a resolution of 1 kHz. 
Effect of dispersion on comb frequency span

